In this paper, we prove some convexity inequalities in noncommutative L p spaces generalizing the previous result of Hiai and Zhan. Moreover, we generalize a variational inequality for positive definite matrices due to Hansen to the case of noncommutative L p spaces. MSC: 47A30; 47L05; 47L50
Introduction
Let · be a unitarily invariant norm on matrices. For matrices A, B, X in M n (C) with A, B being positive semidefinite and X arbitrary, Bhatia 
Preliminaries
Throughout the paper, unless specified, we always denote by M a semi-finite von Neumann algebra acting on the Hilbert space H, with a normal faithful semi-finite trace τ . We denote the identity in M by  and let P denote the projection lattice 
and denote by · ∞ (= · ) the usual operator norm. It is well known that L p (M, τ ) are Banach spaces under · p for  ≤ p < ∞ and they have a lot of expected properties of classical L p -spaces (see [] 
or [])
. Let x be a τ -measurable operator and t > . The 'tth singular number (or generalized s-number) of x' is defined by μ t (x) = inf xe : e ∈ P, τ ( -e) ≤ t .
See [] for basic properties and detailed information on the generalized s-numbers.
To achieve one of our main results, we state for easy reference the following fact, obtained from [], which will be applied below.
 r is jointly concave in strictly positive operators (z, A) ∈ S + × S + .
Main results

Lemma . Let x, y ∈ S such that xy is a self-adjoint τ -measurable operator and let
Proof Notice that xy is a self-adjoint τ -measurable operator; then
Let f be an increasing function on R + satisfying f () =  and where t → f (e t ) is convex,
Taking the lim inf n→∞ , by the usual Fatou lemma we get
Proof It suffices to prove that Proof (i) First we assume that τ is finite. By the density of S in L p (M), we first consider the case x, y ∈ S. Since φ is continuous and symmetric with respect to t =
